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Binomial Theorem
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BINOMIAL THEOREM

Cl  Binomial Expression :
Anyalgebraic expression which contains two dissimilar terms is called binomial expression.

1

—— —etc.
(X3 + 1)1/3

1
For example : X+ Y, X’y + —,3—X,VX* +1 +
Xy
C2  Statement of Binomial theorem:
Ifx,ye Randn e N, then:
(x+y)="C,am’+"C a bt +"Ca?*+ ... +"Ca""'b'+...+"C _a’b"

n

or (X+y)n — Z nCran—rbr

r=0

Now, puttingy =1 in the binomial theorem

or (1+x)="C,+"C, +"C X+ ... +"CX +....+"C X"
n
1+x)"=)"Cx"
r=0

Practice Problems :

Using binomial theorem, indicate which number is larger (1.1)*or 1000.
Find (x + 1)® + (x — 1)®. Hence or otherwise evaluate (2 + 1)¢ + (2 — 1)°.
Show that 9"** — 8n — 9 is divisible by 64, whenever n is‘a positive integer.

> w b e

Using binomial theorem, prove that 6" — 5n always leaves remaining.1 when divided by 25.

C3  Properties of Binomial Theorem :

0] The number of terms in the expansion is n + 1.
(i) The sum of the indices of x and'y in each term is n.
(iii) The binomial coefficients ("C;;,"C,......."C,) of the terms equidistant from the

begining and the end are equal, i.e. "C,="C ,"C ="C___ etc.
C4  Some important terms in the expansion of (x + y)" :
0] General term :
(r+thtermof (x +y)"is T, ="Cx""'y
(i) Middle term/(s) :

2]
th term.

n
(@) If n is even, there is only middle term, which is [

(b) if nis odd, there are two middle terms, which are
n+1 n+1
(T]th and (T + 1] th terms.

(iii) Numerically greatest term in the expansion of (x +y)", n € N
LetT and T, bethe rthand (r + 1)th terms respectively
T - nCr_l Xn—(r—l) yr—l

r

T = "C X"y

r+1
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Now T |_ "C, x"y' _n-r+lly
T ZC,y Xy r X
T n-r+1)\y n+1 X n+1
Consider >, | —— 5121, —— =127 r<
T r X r y X
" 1+
y
Practice Problems :
. . . . 1-35..(2n-1
1 Show that the middle term in the expansion of (1+ X)2n IS % -2"-x", wheren e N.
2. Show that the coefficient of the middle term in the expansion of (1 + xX)*" is the sum of the coefficients
of two middle terms in the expansion of (1 + x)>"-1.
3. Find the value of r, if the coefficients of (2r + 4)th and (r — 2)th terms in the expansion of (1 + x)® are
equal.
4. If the coefficient of (r — 1)th, rth and (r + 1)th terms in the expansion of (x + 1)" are in the ratio
1:3:5 findnandr
5. The 2nd, 3rd and 4th terms in the expansion of (x + y)"are 240, 720 and 1080 respectively. Find the
values of x, y and n.
6. Find the coefficient of x® in the product (1 + 2x)° (1 — X)” using binomial theorem.
3,1
7. Find the term independent of x in the expansion of [Exz —3—) .
X
8. Find the coefficient of a* in the product (1 + 2a)* (2 —a)® using binomial theorem.
3 m
9. The sum of the coefficients of the first three terms in the expansion of (X——Z) ,X#0, mbeing a
X
natural number, is 559. Find the term of the expansion containing x°.
2n
- . . 1) . 1.35...(2n-1).2"
10.  Show that the greatest coefficients in the expansion of (x+;) is 35 (nr: )2 .
11.  Express (x+vx?+1)® +(x—vx?+1)° as a polynomial in x.
12.  Ifa, a, a,and a, beany four consecutive coefficients in the expansion of (1 + x)", prove that
a, P ag « _ 2a,
a;+a, as+a, a,+a,
[Answers: (3)6 (4)n=7,r=3(5)x=2,y=3andn=5(6) 171 (7) 5/12 (8) —438 (9) -5940 x3]
C5 - Multinominal Theorem

n . n! n-ry,r
As we know the Binomial Theorem (x +y)" = "C x" Ty = z Xy
; " = (N=r)ir!

puttingn—r=r,r=r,

o\

therefore, (X+Y)" = Z X

r+r,=n r1! r2 !

Y
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Total number of terms in the expansion of (x +y)" is equal to number of non-negative integral solution of r,
+r,=n ie"?1C,_ =""C =n+1

In the same fashion we can write the multinominal theorem

n!
n I I. I
(X X+ X+ X ) = Y XXX
r+r+..+n=n rl' r2 ""rk -

Here total number of terms in the expansion of (x, + X, + .... + X )" is equal to number of non-negative integral
solutionof r +r,+....+r. =n i.e."tk-IC
Practice Problems :

10
1 (i) the middle termin the expansion of [x —%) (ii) the coefficient of x* and x*" inthe expansion
y

15
1
of | x* ——)
( x°
2. Find the coefficient of x® in the expansion of the product (1 + 2x)° (1 -x)".

63x°
8y°®

[Answers : (1) (i) — (ii) 1365, -1365 (2) 171]

C6  Properties of Binomial Coefficients :

(1+x)=C+Cx+Cx+..+Cx+..+Cx (1)
@ The sum of the binomial coefficients in the expansion of (1 + x)"is 2"
Puttingx=1in (1)
"C,+"C +"C,+ ... +"C =2 (2)
n
or Z "C,=2"
r=0
) Again puttingx =-1in (1), we get
"C,~"C,+"C,-"C,+.... +(=1)""C =0 (3)

n

or D (=1)""C, =0

r=0
3) The sum of the binomial coefficients at odd position is equal to the sum of the binomial
coefficients at even position and each is equal to 2"-*i.e.,
1C,+"C,+"C,+ o, =2-!
1C,+"C,+"Co+ i, =2-!
4) Sum of two consecutive binomial coefficients

nCI’ + nCI’—l = n+lC|’

"C, n-r+l

(5) Ratio of two consecutive binomial coefficients c r
r-1
n,_ n(n-1) ._
(6) nC:r=_nlC:r—1=—n 2 r-2
r r(r-1)
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Practice Problems :

1 Prove the following identities :
@ "C,*+"C,+"C,+....=2"!
) "C,+"C,+"C +..=2"""
(c) "C,+3"C,+5"C,+ ...+ (2n+1)"C =(n+1)2"
(d) "C,-2"C,+3"C,~ ...+ (-1)""'n"C_=0
(e) C,+2C,+3C,+...+nC =n2"!
() C,+2C +3C,+...+(n+1)C =2"+n2"!
c, C 1
Co—L422_  =—
© © 23 n+1
n+l _
h) 2C,+22 142382 yona Cn 3T 1
2 3 n+1 n+1
2n
() Cot2aSty =
3 5 n+l
()] 2C +5C +8C,+...+(Bn+2)C =(3n+4) 2!

C7  Binomial Theorem For Negative Integer or Fractional Indices
Ifn e R then,

(1+x)" =1+nx+

n(n-1) X2 4 n(n-1)(n-2) X3t
I 3!

N n(n-1)(n-2)..... (n—r+1)xf N
r!
Remarks

0] The above expansion is valid for any rational number other then a whole number if [x| < 1.

(i)  When the index is a negative integer or a fraction then number of terms in the expansion of (1 + x)" is
infinite. and the symbol "C_cannot be used to denote the coefficient of the general term.

(iii)  Thefirst terms must be unity in'the expansion, when index ‘n’ is a negative integer or fraction.

n(n-1)(n-2)..... n-r+1
(iv)  The general term in the expansion of (1 + x)"is T,,, = ( X )I ( ) X'
Ir!

(v)  When ‘n’ is any rational number other than whole number then approximate value of
(1 +x)"is 1 + nx.(x? and higher powers of x can be neglected)

(vi)  Expansion to be remembered (jx| < 1)

(@) A+X)rP=1-X+X2=X+.......... + (1) X+, 0
(b) A-X)'=1+X+X2+X5+ ... X+ 0
(c) L+X)2=1-2X+3x* -4+ .......... + (D) (r+1) X+ 0
(d) (1-X)2=1+2x+ 32+ 4x3+ .......... +(r+ X+ ... 0
Practice Problems :
1 Find the coefficient of x® in the expansion of (1 — 2x)2,
. . . . (1+3x%) o . .
2. Find the coefficient of x1° in the expansion of ———,— » mentioning the condition under which the

(1-x%)
result holds.

15015
[Answers : (1) [1—6}]
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