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TRIGONOMETRIC FUNCTIONS AND TRIGONOMETRIC EQUATIONS

Cl1  Trigonometric Functions :
Basic Trigonometric Identities :

@ sin?0+cos?0=1;-1<sinB<1;-1<cos0<1 vy 0eR
() sec’0—tan?0=1;|sec6|>1 vy 6 e R— {(2n+1)g,n € I}
(©) cosec’0 —cot?0=1;|cosecO|>1 v O e R—{nn,n e I}

Circular Definition of Trigonometric Functions :

N

sine=m,cose=o—l\/I tane=i,cose¢0, cote=c.o—se,sine¢0, sece=i,cose¢0
cos6O sin@ cos 0

cosec9=_i,sin9¢ 0
sin@

C2  Graphs of Trigonometric functions :

(@) y=sinx, x e R;ye[-1, 1]
Ya
1
t 0 + > X
-t \mi2 /| w2 KWZR
-1
(b) y=cosX, X e R;ye[-1,1]
Y4
1
A AN
/2 n/zwn/z 21
-1
(© y=tanx, xeR-(2n+1)n/2,nel;yeR
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AY
—7/2 0 /2 T 3n/2 > X
(d) y=cotx, xeR-nm,nel;yeR
Ya
» X
—n —7t/2 0 /2 T 3n/2 2n
(e) y=cosecX, X e R—nm,n el;y e (-0, -1] U[1, x)
yA
= 02 =33 2x >X
® y=secX, Xe R—-(2n+1)n/2,n e l,y € (~o0,-1] U [1, )
yA
1
= ) I ) T N T >X
|
Practice Problems :
1. The value of cos? 5° + cos? 10% + ...... cos? 85° + cos? 90° will be
17 19
— - 1
(@ > (b) > (©) (d) 0
2. If sec © — tan 6 = k then the value of cos 6 will be
@ a 0 © Kt @ -t
k2 +1 k% -1 2k 2k
11
3. If cosec A+ cot A= > then tan A equals
2 n 8 “ o 7
@ 22 ®) 15 ©) 117 () 43

[Answers : (1) a(2) a (3) c]
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C3  Trigonometric Functions of Allied Angles :
If 0 isany angle, then -6, 90 £ 6, 180 £ 6, 270 £ 6, 360 + 0 etc. are called Allied Angles.

@ sin (-0) =-sin 6 ; cos (-0) = cos 6

(b) sin (90°—0) =cos 6 ; cos (90°—-0) =sin 6

() sin (90°+ 6) = cos 6 ; cos (90°+ 0) =-sin 6

(d) sin (180°-0)=sin 6 ; cos (180°-0) =-cos 6

(e) sin (180°+0)=-sin©® ; cos (180°+ ) =—cos 6

® sin (270°-0) =-cos 6 ; cos (270°-0) =-sin 6

(9) sin (270°+0) =—cos 6 ; cos (270°+0) =sin 6

(h) tan (90°-0) =cot © ; cot (90°-0) =tan 6

Practice Problems :
1 If sin@= % and 0 is obtuse then cot © equals

@ @ = R © 3 @ -3

e 7

2. The value of sin 10° + sin 20° + sin 30°......sin 360° is

@ 0 ) 1 (© -1 (o) none of these
3. The value of cos 1°. cos 2°. cos 3°.......cos 180° will be

@ 0 ®) 1

(© 100 ) cannot be found
4, The value of cos 1° + cos 2° + cos 3°.......cos 180° will be

@ 0 ) -1 (© 1 (o) none of these
5. The value of log [cos 1° + cos 2° + cos 3°..... c0s 180°] will be

@ 0 ) 1 ©) -1 (o) not defined
6. The value of log [cot 1°. cot 2°. cot 3°..... cot 89°] will be

€)) 0 ) 1 (© -1 (o) not defined

[Answers: (1)d(2)a(3)a(4)b(5)d(6)a]

C4  Trigonometric Functions of Sum and Difference of Two Angles :

@ sin (A +B) =sinA cosB = cosA sin B
() cos (A £B) = cosA cosB F sinAsin B
(©) sin2A= sin?B = cos?B — cos?A = sin (A + B) . sin (A-B)
(d) €0s?A — sin?B = cos?B — sin?A = cos (A + B) . cos (A - B)
(e) tan(A+ B)=M

l¥tanAtanB

cot AcotB¥1
) COt(A+B)=————— 1=

cotB+xcot A

tanA+tanB+tanC-tanAtanBtanC

(@) tan(A+B+C)=
l-tanAtanB—-tanBtanC—-tanCtan A
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Practice Problems :

1 IfsinA+cos B =aand sin B + cos A= b then the value of sin (A + B) will be
2 2 2 2 2 2
a“+b a‘+hb°-2 a‘+b“+2
@ a’+b? ®) © — @ —
2 2 2
1 1 .
2. Iftan (o +B) = 3 andtan (a—B) = 3 then tan 2o will be
@ 0 ) 1 (©) -1 (o) none of these
1 1 .
3. Iftana:E andtanﬁzgthenoHBWlllbe
0 L L ki
@ ® 5 © 3 R
4, The value of cos? 48° - sin? 12° equals to
J5-1 J5+1 J5+1 5-1
—_— C —_—
@ . ®) . © - © -
5. The value of V3 cosec 20° - sec 20° is equal to
2sin 20° 4sin20°
a 2 _ C 4 Fo ey
@ © sin40° © @ sin40°
6. The value of tan 5x. tan 3x. tan 2x is equal to
@) tan 5x — tan 3x — tan 2x 9) SINQDsin 3 —sin 2x
C0S5X —C0S 3X — COS 2X
(© 0 (o) none of these
0 H 0
7. Thevalueof M equal to
cos9” —sin9
@ tan 54° (b) tan 36° (© tan 18° (o) none of these
8. IfA+B+C=xn(A, B, C>0)andthe angle Cis obtuse then
@ tanA.tanB>1 b) tanA.tanB<1
(© tanA.tanB=1 (o) none of these

[Answers: (1) c(2)b(3)b(4)c(5)c(6)a(7)a(8)b]

C5 Factorisation of the Sum and Difference of Two Sines and Cosines :

@) SmC+ﬁnD=2ﬁnC+DC%C;D
®) SinC—sinD=2cosC+DsinC;D

© COSC+cosD=ZCOSC+DCOSC;D
@ cosC—cosD:—ZsinC"'DsinC;D
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C6 Transformation of Products into Sum and Difference of Sines & Cosines :

@ 2sinAcosB =sin(A + B) + sin(A-B)
() 2cosAsinB =sin (A + B) —sin(A-B)
(©) 2 cos A cos B = cos (A + B) + cos (A-B)
(d) 2 sin Asin B = cos (A—-B) —cos (A + B)
C7  Multiple and Sub-multiple Angles :
. . . .0 0
@ sin2A = 2sinA cosA,; sin 0 = 2sin ECOSE
. . 0 .. 0
(b) C0S2A = c0s’A — sin?A = 2cos?’A -1 =1 -2 sin?A; 2 00325 =1+cos6,2 stE =1-coso.
0
2tan—
2tanA
() tan2A = tan2 ;tano = 29
l1-tan“ A 1—tan2 Y
2
. 2tan A 1-tan’ A
(d) sm2A=ta—nz;0052A='[Ln2
1+tan® A 1+tan® A
(e) sin 3A = 3 sin A—4sin®A
(f) cos 3A =4 cos*A — 3 cosA

3tanA—tan® A
1-3tan’ A
C8  Important Trigonometric Ratios :

(@ tan3A =

@ sinn =0; cosnm=(-1)" tan nt= 0, wheren e |
. . -1
(b) sin15%or sm£=\/§—=cos75O NoosZ
12 22 12
c0s15° or cos—~ = @ —sin75%0r sin>%
12 242 12
-1 1
tan15°=\/§ =2—«/§=cot75°;tan75°=£+ = 2++/3 =cot15°
J3+1 J3-1
) . -1 1
() sin—% or S|n18°=£—&00536° or cos£=\/§+
10 4 5 4
Practice Problems :
1. If sin A+ sin B =a and cos A + cos B = b then the value of sin (A + B) will be
2ab 2ab a’+b? a’ —b?
a b c d
@ a’+b? ®) a’ -b? © 2ab (@) 2ab
sin70° +cos 40°
2. The value of —————— equal to
c0s70° +sin40°
1 1
@ 1 (b) 3 (© J3 (d) 2
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sinA-sinC

3. If —————— =cotB,thenA, B, Carein
cosC—cos A
€)) AP. ) GP. (©) H.P. d) none of these
A B n . A . B n
4, The value of 093 * C_OS + SINA+SIN equals
sinA-sinB cosA—cosB
A-B -
@) 2tan" ®) 2cot” %
(©) 0 (o) both (b) and (c) are correct
5. The value of sin 12°. sin 24° . sin 48° . sin 84° will be
1 1 1 1
@ . O © o @ e
6. The value of sin 36°. sin 72° . sin 108° . sin 144° will be
1 1 3 5
@ 7 () % © 7 @ I
T 4 3T 45T 2 I
7. The value of cos* =+ cos* ==+ cos* = +cos* —
e value o 3 3 3 3
1 1 3 3
@ 5 () 7 © 5 @) 7
8. The value of
T 3n 5n Vg
1+cos— || 1+cos— || 1+cos— || 1+ cos— | wi
[ 8)( 8 )[ 8)( BJW'”be
1 5 1 1
@ ; ® g © 3 O
9. The value of sin| — |sin 35 equalsto
10 10
1 1 1 .
@ ; ® ; © 3 @
T 2 Art 8w
10. Th | C0S—.C0S—.C0S—.Ccos— will
0 e value of c : c c will be
1 . 1 1
@ T ®) ©) : @ T
. m .. 5. Tm
11. The value of sin—sin—sin— It
e value 0 TR, 18 equal to
1 1 1 1
@ ; ONE. © 3 O
12.  Provethe following statements :
€)) cos*A—sin*A+1=2cos?A ) (sinA + cosA) (1 —sinA. cosA) = sin®A + cos*A

sin A +1+COSA 2cosecA °A +sin°A = 1-3sin’A . cos?A
C . = COS’A +SINPA=1-3SIN“A . COS
© l1+cosA  sinA @
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1-sinA
@) 1/5— =seCA—tanA ) __CosecA Cos A
1+sinA cotA+tanA

(9) (1 + cotA—cosecA) (1 +tanA+secA) =2
o 1 1 1 1
h) cosecCA—cotA sinA  sinA cosecA+cotA
cotA+tanB
(i) ————=_CotA.tanB
cotB+tan A
1 1 s .., 1-cos?a.sin®a
G) 5 —+ 5 — Cos” a.Sin“ a = —
sec“q—C0s“a cosec o —sin‘a 24+C0s- a.sin“a

[Answers: (1) a(2) c(3)a(4)d (5)b(6)d (7)c(8)c (9)c (10)d (11)c]

C9  Rangeof Trigonometric Expression :

E=asinf+bcoso

. b
E =+va?+b? sin (0+a), where tana = 5
a

=+a? +b? cos(6—B),where tanp = ™

Hence for any real value of 8, —va® +b? < E<+ya®+b?

Practice Problems :
1. Find the value of x for which following expression will have maximum value :

@) V3 cos X + sin x b) oS X + sin x
2. Find the range of following trigonometric expression

@) V3 cos x + sin x () COS X + sin x

(© 3sin X + 4 cos X
C10 Sine and Cosine Series:

smﬁ n—1
sina+sin(a+ B)+sin(a+ 2ﬁ)+....+sin(oc+n—1ﬁ)= 2 sin[a+7ﬁ]
sint
2
sinﬁ n—1
cosa + cos(a+ B) + cos(a+ 2B) + ....+cos(oc+n—1B)= é cos[a+7ﬁ]
sint
2

Cl11 Trigonometric Equations : Equation involving trigonometric functions of a variable are called

trigonometric equations. The trigonometric equation may have infinite number of a solutions and can be

classified as :
0] Principal solution : The solution of a trigonometric equations for which 0 < x < 2r are called principal

solution.
(i)  General solution
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Important Points :
1. sin0=0< 0=nn

2. cos0=0< 9:(2n+1)§

3. tan0=0< 06=nn

4. sinf=sina < 06=nmn+(-1)"a, where ae[—g,g}
5. cos0=cosa < 0=2nnt+ a, where a e [0, ]
T T
6. tan® =tan o < 0 =n w + a, where ae[—z,z}
7. sin%0 = sinq, €0s?0 = cos?a,, tan?0 = tana < 6 =nm+ o

8. sing=1< 9:(4n+1)§

9. cos0=1<< 06=2nx

10, cosf=-1< 0=(2n+=n

11. sinf=sinaandcosO=cosao < 0=2nt+a
Practice Problems :

1 The most general value of 0 satisfying the equation tan 6 = -1 and cos 6 = 1 is
J2
7 7 7
(a) nn+Tn (b) nm+ (-1)" Tn () 2nm +Tn (d) none of these
2. The number of solution of the given equation tan 0 + sec 6 = V3 where 0 < 0 < 2r is
(a) 0 (b) 1 (© 2 (d) 3
3. If 3(sec?0 + tan?0) = 5 then the general solution of 6 is
T T T T
2nm+— neTt— 2nm+— nmt—
(@) mE (b)  nmi ©) o (@  nmio
4, If sin 36 = sin 6 then the general value of 0 is
(a) 2nm, (2n+ 1)% (b) nm, (2n + 1)% () nm, (2n+ 1)% (d) none of these
5. If tan mO = tan no then then the consecutive value of 6 will be in
(@) AP. (b) GP. (c) H.P. (d) none of these
6. The number of solutions of the equation tan x + sec x = 2 cos x lying in the interval [0, 2x] is
(a) 0 (b) 1 © 2 (d) 3
7. The complete solution of the equation 7cos?x + sinxcosx — 3 = 0 is given by
(@) nn+g(nel) (b) nn—%(nel)
44
© -+ tan 1[5)(” el @ T kn+tan‘1[%) knel)
8 If sin © + cos © = V2 cos a then the general value of 6 is
2nn—£+a b 2nn+£+a nn—£+a d nn+£+a
(@) PR C) ¥ © 7t () 7
9. The general solution of the equation sin'®x — cos®x = 1 is
(@) 2nn+g,nel (b) 2nn+§,nel
T T
nt+—,nel 2nt——,nel
(© m+ e (d) m-gne

[Answers : (1) ¢ (2) ¢ (3) b (4) b (5)a (6) d (7) d (8) b (9) b]
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ADDITIONAL PRACTICE PROBLEMS

Prove that
) . 21 . 4r
sina +sin a+? +sin a+? =0

If A+ B + C ==, then prove that

0] sin2A + sin2B +sin2C =4 sinA sinB sinC
(i) sinA+sinB+sinC:4cos% cos % Ccos
<
2
(iii) cos2A+cos2B +cos2C=-1-4cosA
cos B cos C
. A
(iv) cosA+cosB+cosC:1+4sm3sm
B . C
— sin —
2 2
(v) tan A+ tan B + tan C = tanA tanB tanC
(vi)

A B B A
tan—tan—+tan—tan£+ tangtan— =1
2 2 2 2 2 2

(vii)
COté+ COtE+ COtE = COté.COtE.COtE
2 2 2 27272

(viii) cotAcotB +cotB cotC+cotCcotA=1

T
IfA+B+C= 5 then prove that tan Atan B + tan

BtanC+tanCtanA=1
If A+ B =45°show that (1'+ tanA) (1 + tanB) = 2
Prove that :

sin 76 —sin 50
(a) —————=tan®

cos 790 +¢c0s50

sin7A—sin A
(b) b - = C0S4A.sec5A

sin 8A —sin 2A

cos3A—-Ccos A N CoS2A —C0s4A _
© sin3A-sin A sin4A-sin2A

sin A
cos2A.cos 3A

©)

©)

(f)

sin(4A—2B) +sin(4B-2A)
cos(4A —2B)+cos(4B—-2A)

tan(A+B)

sin A+sin3A+sin5A+sin7A _
cos A +C0S 3A +COS5A + COSTA

tan4A

sin A+2sin3A+sin5A B sin3A
SiN3A+2sin5A+sin7A  sin5A
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