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STRAIGHT LINE

Cl  Cartesian Co-ordinates : Let XX’ and Y'Y’ be two perpendicular straight lines drawn through any fixed point
O (origin) in the plane of the paper. Then

Axis of x : The horizontal line XX". 1T quadrant Y I quadrant
Axisofy : Thevertical line YY”. (0, y) frmmmmmmmmm- B (x,5)
Co-ordinate axes : X-axis and Y-axis together are

called axes of co-ordinates. :

OA =PB = x (is known as abscissa) X (OOO) (x. 0)

AB = 0P =y ((isknown as ordinate) ’

Note : T quadrant IV quadrant
0] Co-ordinates of the origin is (0, 0) vyY'

(i)  yco-ordinate of x-axis is zero i.e. the co-ordinate of any point on x-axis is (x, 0)
(iii)  x co-ordinate of y-axis is zero i.e. the co-ordinate of any point on y-axis is (0, y)
(iv) lquadrant:x>0,y>0, Il quadrant: x<0,y>0, Ill quadrant: x<0,y<0, IV quadrant: x>0,y<0

C2  Polar Co-ordinates system : 4
Let OX be any fixed line which is usually called the initial P(r,0)
line and let O be a fixed point on it. This point O is called
pole. . 0 . X
If distance of any point P from the pole O is ‘r’ and O

ZXOP = 0, then (r, 8) are called the polar co-ordinates of a
point P. “r” is also known as radius vector and 6 as the
vectorial angle. v

The radius vector is positive if it be measured from the origin O along the line bounding the vectorial angle;
if measured in the opposite direction it is negative.

C3 Relation between Polar Co-ordinates and Cartesian Co-ordinates

Y
N
*,y)
T
y
e S
5 " v > X

x=rcosBandy=rsin0

C4  Distance Formula : In Cartesian co-ordinate the distance between the points P(x, y,) and Q (x,, ,) is
given by

PQ :\/(Xl_xz)z +(Y1—Y2)2

In polar co-ordinates the distance between two points P(r,, 6,) and Q(r,, 0,) is given by

PQ = \/rf +r2—-2rr,c08(0, -0,)
Note :

0] If the distance between two points is given then use + sign.

(i)  Condition of Collinearity using the distance formula : For three points to be collinear, prove that the
sum of the distances between two points is equal to the third pair of points.
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Practice Problems :
Find the distance between the points (i) (a cos o, a sin o) and (0, 0) (i) (a cos o, a sin o) and (a cos B, asin B)
Using the distance formula, prove that the points A(-2, 3), B(1, 2) and C(7, 0) are collinear.

Prove that the points (i) (0, 5), (-2, -2), (5, 0) and (7, 7) are the vertices of a rhombus (ii) (1,-2), (3, 6), (5,
10) and (3, 2) are the vertices of a parallelogram (iii) (0, -1), (6, 7), (-2,-3) and (8, 3) are the vertices of a
rectangle.

4, The base of an equilateral triangle with side 2a liesalong the y-axis such that the mid-point of the base is
at the origin. Find vertices of the triangle.
5. Find the distance betweenP(x,y,)  and Q(x,, y,) when : (i) PQ is parallel to the y-axis, (ii) PQ is parallel
to the x-axis.
Find a point on the x-axis, which is equidistant from the points (7, 6) and (3, 4).
Let the opposite angular points of a square be (3, 4) and (1, -1). Find the co-ordinates of the remaining
angular points.
8. Prove that the points represented by polar co-ordinates (0,0), [3%) and [3, %) are the vertices of an
equilateral triangle.
[Answers: (1) (i) [a] (ii) 2l sin(a;B )‘ (4) (0, a), (0,~a) and (~V3a, 0) or (0, @), (0, =), and (V3a, 0) (5) (i) ly,
. 15 91 15
-y |, ({x-x|6)| —, 0| (7N|=,=]and | == =
b ® (5.0) 0 (3.3) ana (-1 )
C5  SectionFormula:
1 Internal Division : If (x, y) are the coordinates of the point that divides the line segment joining the points (x,
mx., +nx my, +n
y,) and (x,, y,) internallyin the ratiom : n, then X =———2——Landy = my, +1Y
m+n m+n
2. External Division : If (x, y) are the coordinates of the point that divides the line segment joining the points

mx, —nx; andy: my, —ny,

(x,, y;)and (x,, y,) externally in the ratiom : n, then X =
m-n m-n

D
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3 If (x, y) are the coordinates of the mid point of the line segment joining the points (x, y,) and (x,, y,), then
X, +X +
X = 1 zandy:yl yz_
2 2
Note 1 : If R (x, y) divides the join of P (x,, y,) and Q (x,, y,) in the ratio A, : 1 (A > 0)
AX, £ X Ay,
then X = ——2 1 y= Yo TY,
Atl Axl
Positive sign is taken for internal division and negative sign is taken for external division.
For finding ratio, use ratio A : 1. If A is positive, then divides internally and if A is negative, then divides
externally.
Note 2 : Condition of Collinearity using the concept of Section Formula : We can prove the collinearity
using section formula. To understand this, take the following example :
Prove that A(5, -2), B(8, 4) and C(9, 6) are collinear points.
If the points A, B, C are collinear then any point will divide the join of other two points in a fixed ratio A :
1. Consider the point B divides the join of the points Aand C in the ratio A : 1. Therefore calculating the
value of A from section formula
8 9L +5 3
— :> =
A+l
4 6L —2 =3
or = = =
A+l
from both equations we have getting the same value of . Hence the points-are collinear.
Practice Problems :
1 Find the coordinates of the point which divides the line segment joining the points A(5, —2) and
B(9, 6) in the ratio 3 : 1.
Using section formula prove that the points A(-2, 3), B(1, 2) and C(7, 0) are collinear.
Without using distance formula, show that points (-2, -1), (4, 0), (3, 3) and (-3, 2) are the vertices of
a parallelogram.
4, Find the length of median through A of a triangle whose vertices are A(-1, 3), B(1, -1) and C(5, 1).
5. Find the co-ordinates of a point which divides externally the line joining (1, -3) and (-3, 9) in the
ratiol : 3.
6. Find the ratio in which the point (2, y) dividesthe line segment joining (4, 3) and (6, 3) and hence find
the value of y.
[Answers : (1) (8, 4) (4) 5 units (5) (3,-9) (6) 1 : 2 externally, 3]
C6  Centroid or centre of gravity Triangle : The centroid of a triangle is the point of intersection of its

medians. The centroid divides the medians in the ratio 2 : 1.

X, + X, +X +Y,+
Centroid of a triangle with vertices (x,, y,), (X,, ¥,) and (x,, y,) is given by ( 1_~2 73 YitYo y3)

3 3

Incentre of a Triangle : The point of intersection of the internal bisectors of the angles of a triangle is the
incentre. Incentre, of a triangle with vertices (x, y,), (X,, ¥,) and (x,, y,) and the sides opposite to these

vertices as a, b and c respectively, is given by (axl + bX2 TCX; Ay, F by2 +CYq ) .

a+b+c ' a+b+c

Circumcentre : The circumcentre of a triangle is the point of intersection of the perpendicular bisectors of
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the sides of a triangle. It is the centre of the circle which passes through the vertices of the triangle and so
its distance from the vertices of the triangle and so its distance from the vertices of the triangle is the same
and this distance is known as the circum-radius of the triangle. If angles of triangle i.e. A, B, C and
vertices of triangle A (x,, y,), B(x,, y,) and C (x,, y,) are given, then circumcentre of the triangle ABC is

sin2A+sin2B+sin2C ' sin2A +sin 2B +sin 2C

Orthocentre : The orcthocentre of a triangle is the point of intersection of altitudes. If angles of a triangle
ABC, i.e. A, Band C and vertices of triangle are A(x,, y,), B(X,, y,) and C(x,, y,) given then orthocentre of
the triangle ABC is

(xlsin 2A+X,SIN2B+X,sin 2C y,sin2A+Y,sin2B+y,sin ZC)

X, tanA+x,tanB+x,tanC y, tanA+y,tanB+y,tanC
tanA+tanB+tanC = tanA+tanB+tanC
If any two lines out of three i.e., AB, BC and CA are perpendicular then orthocentre is the point of
intersection of two perpendicular lines.

Excentre : Acircle touches one side outside the triangle and other two extended sides then circle is known
asexcircle. Let ABC be a triangle then there are three excircles. With three excentres let | ;-1,, I, opposite to
vertices A, B & C respectively. If vertices of triangle are A(x,, y,), B(X,, ¥,) and C (x,, y,) then

| =(—ax1+bx2+cx3 —ay1+by2+cy3j
"\ -—a+b+c ' -—a+b+c

| =(axl—bx2+cx3 ayl—by2+cy3]
2 a-b+c ' a-b+c

3 =

| =(ax1+bx2—cx3 ay1+by2—cy3]
a+b-c ' a+b-c

Note : Let O, G and H, respectively, be the circum-centre, centroid and orthocentre of a triangle. Then O,
G and H are collinear. Also G divides the line segment OH internally in the ratio 1 : 2 i.e. 20G = GH.

Practice Problems :

Two vertices of a triangle are (-1, 4) and (5, 2). If its centroid is (0, —3), find the third vertex.
Theverticesof atriangleare (1, d), (2, b) and (¢, =3)

0] Prove that its centroid can not lie/on the y-axis.

(i) Find the condition that the centroid may lie on the x-axis.

Ev
triangle (ii) Incentre of the triangle.
In a triangle ABC with wvertices A(1, 2), B(2, 3) and C(3, 1) and

If [3 0)[26) and (-1, 6) are mid points of the sides of a triangle, then find (i) Centroid of the

ZA= cos‘l(%),zB =/C= cos‘l[i] then find the circumcentre of the triangle ABC.

J10

. . . 33 . .
If a triangle has its orthocentre at (1, 1) and circumcentre at [E’Z) then find the centroid.

[Answers : (1) (<4, -15) (2) (i) a + b = 3 (3) (i) [§,4) (i) (1, 2) (4) [% 2) (5) [gg)]
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X Y
C7  AreaofaTriangle : Area of the triangle with vertices (x, y,), (X,, y,) and (., y,) is given by E X, Yy, 1
X3 Y3
1
= E I{Xl(yz - ys) + Xz(ys _yl) + Xs(yl _yz)}l .
Area of a Quadrilateral : Area of the quadrilateral with vertices (x, y,), (X,, ¥,), (X, ¥,) and (x,, y,) is
. 1 X3 —X -
givenby =|A|, where A=|"° Ya=
2 X=Xy Ya— Y,
Area of Polygon : Area of the polygon with vertices (X, y,), (X,, ¥,),....,(X.y.) is given by the numerical
1(|X X X
value of =4| ' Yi 4|2 Y2 +o.4+ " Yo .
2 X2 y2 X3 y3 Xl yl
If area of triangle or quadrilateral or polygon is given, then use * sign, positive sign indicates that the
vertices are taken in anticlockwise sense & negative sign indicates that the vertices are taken in clockwise
sense.
Note : Condition of Collinearity using the concept of Area :
If three points A(x,, y,), B(X,, ¥,) and C(x,, y,) are collinear then, area of the triangle ABC is zero
X=X YooY L. . . . . .
i.e =0. Similarly if four points are collinear, then the area of the quadrilateral using
X3=Xy ¥Ys— Vs
these four points equals to zero.
Practice Problems :
1 Draw a quadrilateral in the Cartesian plane, whose vertices are (-4, 5), (0, 7), (5, -5) and (-4, -2).
Also, find its area.
2. The co-ordinates of two points A and B are (3, 4) and (5, —2) respectively. Find the co-ordinates of
any point P if PA= PB and area of AAPB is 10.
3. The area of a triangle is 5 sg. units. Two of its vertices are (2, 1) and (3, —2). The third vertex lies on
y =X+ 3. Find the third vertex.
1 33),,(7 13
[Answers : (1) qu.unlt (2) (7,2)or (1, 0) 2’ ) ]
C8  Locus: When a point moves so as always to satisfy a given condition, or conditions, the path it trace out is

called its Locus under these conditions.

If a point moves so as to satisfy any given condition it will describe some difinite curve, or locus, and there
can always be found an equation between the x and y of any point on the path. This equation is called the
equation to the locus or curve. This concept is illustrated by the following example :

Example :

A point moves so that its distance from the point (-1, 0) is always three times its distance from the point
(0, 2).
Let (X, y) be any point which satisfies the given condition. We then have

JX+D2+(y=0)% =3/(x=0)% +(y-2)? .,
After solving 8(x*+y*)—-2x-36y+35=0.
This is the relation between the coordinates of each, and every, point that satisfies the required condition.
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Practice Problems :

1 If a point is equidistance from (6, —1) and (2, 3) then find the locus of this point.

2. Find the locus of the moving point such that (i) its distance from the origin is twice its distance from
the y-axis (ii) sum of its distance from two fixed points (a, 0) and (-a, 0) is constant.

3. Avariable line cuts x-axis at A, y-axis at B where OA =a, OB = b (O as origin) such that a* + b> = 1.
Find the locus of (i) centroid of AOAB (ii) circumcentre of AOAB.

4, Aline segment of length | slides with its endpoints always on x-axis and y-axis respectively. Find the
locus of its midpoint.
[Answers : (1) x =y =3 (3) (i) x® + y> = 1/9 (ii) x> + y? = 1/4]

C9  STRAIGHT LINE : The equation be of the first degree (i.e. if it contain no products, squares, or higher
powers or x and y) then locus corresponding is always a straight line.

Slope of a Straight Line : Leta straight line makesan angle 0 # i/2and 0<0<n, Q # g with the positive

direction of x-axis. Then tan0 is called the slope of the line. It is denoted by m. If 6 is 90°, m does not exist,
but the line is parallel to the y-axis. If 6 = 0, then m = 0 & the line is parallel to the x-axis.

Y 4
L
o X
5 >
P
Slope of Straight Line Joining Two Points :
Let A(x,, y,) and B(x,, y,) be two points. Then the slope of AB (tan 0) is Yoz ¥u if x, # X,
Xy =Xy

C10 Condition of collinearity of three points A(x,, y,), B(X,, ¥,) and C(x;, y,) using the concept of slope.

Yo = Vu _ Y= Y1 _ Ys—Y»
X, =X, Xy =X, Xz3—X,
C11 Angle Between Two Straight Lines : Let 6 be the acute angle between two straight lines whose slopes are

slope of AB = slope of BC = slope of AC i.e.

; m, —m,
m, and m, respectively and m,m, = <1, then tan® =|————=.
1+mm,
Note :
0] If m, =m,, then two straight line are parallel.
(i)  1fmm, =-1, then the two lines are perpendicular to each other.
. .8 by ¢
(iii)  Twolines ax+hy+c =0andax+b,y+c,=0are parallel if a—1= b—1= C—l .
2 2 2

(iv) Twolines ax + by + ¢ =0and ax + by + ¢, = 0 are perpendicular to each other if and only if
a,a, +bb, =0
Practice Problems :

1 The lines x cos a +y sin a. = p, and
xcos B +ysin B = p, will be perpendicular if

T T T
@  a=p ®  le-B=3 © > @ B=>
2. The linesx + (a—1)y + 1 =0 and 2x + a%y — 1 = 0 are perpendicular if
€)] la| =2 (b) O<ax<l (©) -l<a<0 (d) a=-1

[Answers : (1) b (2) d]
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C12 Line Making an Angle a with a Given Straight Line and passing through a given point : The equation of the

straight line which pass through a given point (x,, y,) and make a given angle o with the given straight line
mz+tana

=mx+carey—-Y; =—————— (X=X
y Y-V 1$mtanoc( 1)

C13 Equation of a Straight Line in different forms :

Forms Equation Figure
N
Straight line parallel y=k
to x-axis
Straight line parallel x=k 1
to y-axis
General Equation ax+by+c=0

slope = —% (b=0)

Slope Intercept form | y = mx + ¢, where m is the 1
slope and c is the intercept
on y-axis.
Ifc:Otheny:min_ne_wiII 0. ©)
pass through the origin. s
/ 7
Intercept form A
LS ] L, b)
a b
where (a# 0, b # 0), where a b
and b are intercept on x-axis
and y-axis respectively. (i 0;
S a@0) N\
One point slope form y-y,=m(X-x) A
equation of the line
passing through (x,, y,) (1, y)
and slope m
@ N
tan 6 =m i’
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Forms Equation Figure
Two point form y,—y A
equation of the line Y-y = (X X))
. X, —X
passing through (x, y,) 2
and (x,, y,)
(X, #X,)
N
Normal form Xcosa+ysina=p AN
L
(x ~
Ol 0<a<2rn X
OL =p (p>0)

Symmetric form or | Equation of the straight line
distance form or passing through a point
Parametric form A(x,,y,) and making an angle

0 (0 <6 < 2n) with the

positive direction of x-axis is

X=X _ Y=Y _

cosO sin0
x:x1+rcos€),
y=y,+rsing

{where r is the distance
between the points A and

X, ¥)}.
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Practice Problems :

1. If astraight line L is perpendicular to the line 5x—y =1 such that area of the A formed by the line L
and the co-ordinates axes is 5, then the equation of the line L is
@) X+5y+5=0 b) X+5y+v2=0
©) X+5y+v5=0 () X+5y+5V2=0
2. A(1, 3) and C(7, 5) are two opposite vertices of a square. The equation of a side through Ais
@ X+2y-7=0 ) X-2y+5=0
(©) 2x+y-5=0 () 2x-y+1=0
3. IfP (1,0),Q (-1, 0)and R (2, 0) are three given points, then the locus of S satisfying the relation S
Q?+SR?=2SP?is
@ astraight line parallel to x-axis (9) acircle through the origin
(© acircle with centre at the origin (o) astraight line parallel to y-axis
4, A line passes through (2, 2) and is perpendicular to the line 3x + y = 3its y-intercept is
@ 1/3 (b) 2/3 (©) 1 ()] 4/3

5. One side of a rectangle lies on the line 4x + 7y + 5= 0. Two of its vertices are (-3, 1) and (1, 1). Find the
equations of other three sides.

6. Find the angle between the two straight lines 3x =4y + 7 and 5y = 12x + 6 and also the equations tothe two
straight lines which pass through the point (4, 5) and make equal angles with the two given lines.

7. Find the equations of the medians of the triangle ABC whose vertices are A(2, 5), B(—4,9) and C(-
2,-1).
Find the equation of the perpendicular bisector of the line joining the pointsA(2, 3) and B(6, -5).
Find the equation of the straight line which passes through (3, 4) and the sum of whose intercepts on the co-
ordinates axes is 14.

10.  Showthat the equation of a line passing through (acos®0, asin®@) and perpendicular to the line X
secO+ycosecO=aisxcosO-ysin®=acos26.
[Answers: (1)d (2)a,d(3)d(4)d (5) 7x—4y +25=0,4x+7y—-11=0,7x-4y-3=0(6) 9x-7y =1, 7x +
9y =73 (7) Equation of median AD is x— 5y + 23 = 0, Equation of median BE is 7x + 4y — 8 = 0, Equation of
median CFis8x-y +15=0(8) x-2y-6=0(9) x+y=7]

Cl14 APointanda Straight Line :

ax,+by,+c
va®+b?

(i) Coordinates of the foot of perpendicular drawn from a point (x,, y,) to the line ax + by + ¢ = 0 are given by

(0] Perpendicular distance of a point(x,, y,) from a straight ax + by + ¢ = 0 is

X=X, _ Y-y, . axg+by,+c

a b~ a’+b?
(iif)  Position of the point (x,, y,) relative of the line ax + by + ¢ =0 : If ax, + by, + c is of the same sign as c,
then the point (x,, y,) lie on the origin side of ax + by + ¢ = 0. But if the sign of ax, + by, + c is opposite to
that of ¢, the point (x,, y,) will lie on the non-origin side of ax + by + ¢ = 0.

Two points (x,, y,) and (X, y,) lie on the same or on the opposite side of the line ax + by + ¢ = 0 according
as ax, + by, + c and ax, + by, + c are the the same or of opposite signs respectively i.e. according as
(ax, + by, +c) (ax, + by, + c) is positive or negative respectively.

(iv)  The ratio in which a given line divides the line segment joining two points : If the lineax + by +c=0
divides the line joining the points A(x,, y,) and B(x,, y,) in the ratio m : n or A : 1 then

ax, +by, +c _ o :
A=— DY FC where A equals to m/n. If A & B are on the same side of the given line then A is
ax, + by, +c

negative but if A & B are on opposite sides of the given line then A is positive or we can say if the ratio is
negative then division is external and if ratio is positive then division is internal.
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Practice Problems :
1. The foot of the perpendicular from point (2, 4) uponx+y=11is

13 13 41 3 1
@ 22 ® 722) 0 3z 0 4

2. A straight line passes through a fixed point (h, k). Find the locus of the foot of the perpendicular drawn to
it from origin.

3. Inwhat ratiois the line joining (1, 2) and (4, 3) divided by the line joining (2, 3) and (4, 1) ?
4. Find the locus of a point equidistant fromthe linesx+y+4 =0and 7x +y+20=0.

5. Find the equation of the line passing through the point of intersection of the lines x—3y + 1 =0and 2x + 5y
-9 =0and whose distance from the origin is V5.

[Answers: ()b (3)1:1(4)x-2y=0(5)2x+y-5=0]

C15 Distance between Parallel Lines : Distance parallel lines ax + by + ¢, = 0 and ax + by +¢, = 0is equal to
¢ ¢y
vaZ+b®

Practice Problems :

1 The distance between the parallel linesy =2x+4 and 6x =3y +5 is
17 3 175
@) 3 b) 1 © 5 (d) 1

[Answers : (1) d]

C16 Reflection of a point about a line : Coordinates of the image of the point (x,, y,) in the line

X=X _ Y=Y _Zax1+by1+c_

ax + by + ¢ =0 are given by =
a b a’ +b?
C17 Bisectors of the angles between two lines : Equations of the bisectors of the angles between two lines
aAX+by+C =0 i (M
and AX+DhY+C, =00, Q)
ax+by+c, ax+by+c
are L YEC 8, Y+ (iii)
\/ al +b? \/ a2 +b?
ax+by+c, a,x+b,y+c, )
and > > S, e (iv)
\/al +b; \/az +b;

Notes : Ifc, >0, c,>0and (ab, #a,b,)

0] equation (iii) is the equation of the bisector of the angle in which the origin lies and equation (iv) is the
equation of the bisector of the angle in which the origin does not lie.

(i)  furtherifaa, + b b, >0, then equation (iii) is the equation of the obtuse angle bisector and equation (iv) is
the equation of acute angle bisector.

(i) further ifaa, + b b, <0, then equation (iii) is the equation of the acute angle bisector and equation (iv) is
the obtuse angle bisector.
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Practice Problems :

1. Two lines passing through the point (2, 3) intersects each other at an angle of 60°. If slope of one line is 2,
find equation of the other line.

Find the equation of the right bisector of the line segment joining the points (3, 4) and (-1, 2).
Find the bisector of the angle between the lines 2x + y—6 =0 and 2x — 4y + 7 = 0 which contains the point

1,2)

4, Find the equation of the bisector of the obtuse angle between the lines 3x—4y+7=0and 12x
+5y-2=0.

5. Find the bisector of acute angle between the linesx+y-3=0and 7x-y +5=0.
[Answers : (1) (V3 +2)x+ (2¥3-1)y =8V3+ 1 or (V3-2)x+ (1 +2V3)y=—1+8V3(2) 2x+y =5 ©)

6x—2y-5=0(4) 12x+77y-101=0 (5) 6x + 2y - 5=0]

C18 Change of origin and rotation of axes : Iforigin is changed to O’ (o, B) and axes are rotated about the new
origin O’ by an angle 6 in the anticlockwise sense such that the new co-ordinates of P(x, y) become (x’,y’)
then the equations of transformation will be

X=o+Xx cos0-y’ sind
y=B+Xx’sin 0 +y’ cos 0O
Practice Problems :

1 If the origin be shifted to the point (2, —3) and the new co-ordinate axes are parallel tothe original ones, find
the new co-ordinates of (4, 7).
2. If the origin be shifted to (1, 5), find the new equation of the line 3x + 4y =5.

[Answers: (1) (2,10) (2) 3X +4Y +18=0]

C19 Family of Straight Lines :

1 LetL =ax+hby+c =0andL,=ax+b,y+c,=0betwonon-parallel lines. Thenthe equation of the family
of straight line passing through the intersection of the lines L, =0and L, = O is L,
+AL,=ax+by+c +A(@ax+by+c)=0.

2 Equation of the family of straight lines parallel to the line ax + by +c=0isax + by + k =0, where k isa
parameter.

3. Equation of the family of straight lines perpendicular to theline ax + by + c=0is bx —ay + k = 0, where k
isa parameter.

Practice Problems :

1. The family of lines x(a + 2b) + y(a + 3b) = a + b passes through the point for all values of a and b. Find

the point.
2. If 3a + 2b + 6¢ = 0 the family of straight lines ax + by + ¢ = 0 passes through a fixed point. Find the
co-ordinates of fixed point.
3. If 16a? — 40ab + 25b% — ¢ = 0, then the line ax + by + ¢ = 0 passes through the points :
(@) (4, -5) and (-4, 5) (b) (5, -4) and (-5, 4)
(c) (1,-1)and (-1, 1) (d) none of the above
4, If a straight line moves so that the sum of the perpendiculars let fall on it from two fixed points (3, 4)

and (7, 2) is equal to three times the perpendicular on it from a third point (1, 3) prove that there is
another fixed point through which this line always passes & find its coordinates.

[Answers : (1) (2, -1) (2) [%%} (3) a]
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C20 Concurrentlines : The three lines are concurrent if they meet in a point.
Threelinesax+by+c =0,ax+by+c,=0&ax+hby+c,=0areconcurrentif

a by ¢
a2 b2 02 = O
ag by c3

Alternatively : Ifthree constants A, Band C (not all zero) can be found such that
A(ax+by+c)+B(ax+by+c)+C(ax+hby+c,) =0, then the three straight lines are concurrent.
Note: LineL, =0,L,=0and L, +AL,=0areconcurrent.

Practice Problems :

1. If the lines x =a + m, y =-2 and y = mx are concurrent, the least value of a is
(a) 0 (b) V2 (©) 22 d 1
2. The equation of the line with slope _E which is concurrent with the lines 4x + 3y =7 = 0-and
8x+5y-1=0is
€)] 3X+2y-2=0 (b) 3X+2y-63=0
(©) 2y -3x-2=0 (d) none of the above
3. The number of integral values of m for which the x-co-ordinates of the point of intersection of the
lines 3x + 4y =9 and y = mx + 1 is also an integer is
(@) 2 (b) 0 (© 4 (d) 1
4, Area of the parallelogram formed by the linesy = mx,y =mx +1, y = nxand y = nx + 1 equals
[m+n| 2 1 1
@) (m-n)® (b) [m+n| © [m+n| @ [m-n]|
5. The three linesax + by + ¢ =0, bx + cy + a =0, cx + ay + b =0 are concurrent only when
(@) a+tb+c=0 (b) a?+b?+c2=2(ab+ bc + ca)
(c) a+b*+cdi=ab+bc+ca (d) none of the above
6. The area bounded by the curves x +2|y| =1 and x =0 is
(@) 1/4 (b) 1/2 (c) 1 (d) 2
7. If the linesx+ay+a=0,bx+y+b=0andcx+cy+1=0(a band c being distinct # 1) are
concurrent, then the value of + b + ¢ is
a-1 b-1 c-1
€)] -1 (b) 0 (©) 1 (d)  none of these

8. Show that the straight lines 7x — 2y + 10 =0, 7x+ 2y + 10 =0 and y + 2 = 0 form an isosceles triangle.
Find the area.

0. Show that the lines (p + g)x+ (P+ Q) y=(P-aq); (P-AXx—-(P-q)y = (p + q), px + gy = p and
gx + py + q = 0 are concurrent.

10.  Find the direction in which a straight line must be drawn through the point (1, 2), so that its point of

1
intersection with the line x + y = 4 may be at a distance g\/g from this point.

[Answers: (1) c(2)a(3)a(4)d(5)a(6) b (7)c]
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C21 Pairof Straight Lines : ax? + 2hxy + by? = 0 represents a pair of straight lines passing through the origin. If
their slopesare m, and m,, then m_ + m, =-2h/band m m, =a/b.

Notes : (0] The two lines are real and distinct ifh2—ab > 0.
(i) The two lines are real and coincident ifh2—ab = 0.
(i) Thetwo linesare imaginary ifh?—ab <0.

Practice Problems :

Find the separate equation of line represented by the equation x? — 6xy + 8y?=0.

2. Find the condition that the slope of one of the lines represented by ax? + 2hxy + by? =0 should be n times the
slope of the other.

3. Find the area of the triangle formed by the linesy?—9xy + 18x*=0and y =9.
[Answers: (1) x—4y =0, x—2y =0 (2) 4nh?=ab(1 + n)?(3) 27/4]

C22 Straight Lines Perpendicular to Given Pair of Straight Lines : The equation of the pair of straight line
through the origin which are perpendicular to the lines given by ax? + 2hx + by? = 0 is bx? - 2hxy + ay? = 0.

C23 Angle Between Pair of Straight Lines : Let 6 be the acute angle between pair of straight lines

24/h? —ab

ax? + 2hxy + by? = 0 then tan 6 =
y+oy la+b|

Notes : The condition that these lines are :

@ At right angles to each other isa + b = 0 i.e. co-efficient of x? + co-efficient of y2=0
(b) Coincidentish?=ab
(©) Equally inclined to the axis of x is h = 0 i.e. coefficient of xy = 0.

Practice Problems :

Find the angle between the lines (x? + y?)sina = (X cos B — y sin B)?
2. Prove that the lines x? + 4xy + y? = 0 and the line x — y=4 form an equilateral triangle.
[Answers : (1) 2a]

C24 Equation of the Bisectors of the angles between the lines : Equation of the straight lines bisecting the

. i Xyt Xy
angles between the pair of straight lines ax? + 2hxy + by?>= 0 is b = T .
a —
Practice Problems :
1 If the co-ordinate axes are the angle bisectors of the pair of lines ax? + 2hxy + by? = 0 then prove that
h=0?
2. If the line y = mx is one of the bisector of the lines x? + 4xy — y? = 0 then find the value of ‘m’ ?
[Answers : (2) ng_l ,—L\/E; 1}]

C25 General Equation of Second Degree : General equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents
two straight lines if abc + 2fgh — af> — bg? — ch? = 0.

a h g
ie.ifandonlyiflh b f|=0.
g f c
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Notes :
i _ _ a h
@) Two lines are parallel if G = =0and C= =0.
g f h b
, _ o b a h f
(i)  Twolinesare coincidentif G = ¢ =0,C= =0and A= =0.
g C

@)  Ifax?+2hxy +by? + 2gx + 2fy + ¢ = 0 represents two straight lines and 0 is the acute angle between them, then

2+h? —ab

la+b]|

tan 6 =

Note : The two lines are perpendicular to each other ifand onlyifa+ b=0.
(i.e. coefficient of x? + coefficient of y> =0).
Practice Problems :
1 Prove that the angle between the line joining the origin to the points of intersection of the straight liney =

. 242
3x + 2 withthe curve X2 + 2xy + 3y? + 4x+ 8y —-11=01s tan_l[T\/_] ]

2. If the equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of parallel lines, then the distance
between them is

g°—ac |g°rac lg*—ac , |9 +ac
@ iirar @ Ya@sd) @ AR @ Ya@eb)

[Answers : (2) c]

C26 Time Saving Tips and Shortcuts :

1 Three points (x,, Y,), (X, ¥,) and (X, y,) are collinear
0] If Yi = Y2 = Y3 , then'these points lie-on a straight line passing through the origin.
Xl X2 X3
(i) If Yi = Yo Ys is nottrue but Yo=% _Ys7Vs , then the points lie on a straight
X X, X, X, =X, Xz =X

line not passing through the origin.
AOAB is obtuse angled if the points A and B lie in opposite quadrants.
In atriangle ABC

@ if tan A| = [tan B| = [tan C|, then the triangle is equilateral.

(b) if [tan A| = |tan B| < 1 or |tan A| = [tan C| < 1 or |tan B| = |tan C| < 1 then the triangle is obtuse
angled isosceles.

() if exactly two of |tan A|, [tan B| and [tan C]| are equal to k, k > 1, then the triangle is acute

angled isosceles.
The locus of the point equidistant from the points (a, b) and (b, a) isy = x.
The locus of the point equidistant from the points (a, b) and (-b, —a) is y = —x.

Ifax+by+c =0ax+by+c,=0andax+bh,y+c,=0arethesides of a triangle, then the area of the
triangle is given by (without solving the vertices).
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1 al bl Cl

A=————a, b, c,
2C,C,C,

a3 b3 C3

when C,, C,, C, are the co-factors of ¢, c,, ¢, in the determinant
ie, C,=ab,~ah,C,=ab —abandC,=ab,-ab,.

7. Area of Parallelogram

Area of parallelogram ABCD = %
sin 0
where p, and p, are the distances between parallel sides and 6 is the angle between two adjacent sides.
Note :
p2
(0] Area of rhombus (in case of rhombus p, = p,) = — !
sino
1 _ _
(i) Area of rhombus = E dldz , where d, and d, are the lengths of two perpendicular diagonals of a
rhombus.
8. The line joining the points (X, y,) and (x,, y,) is divided by the X-axis in the ratio Y and by Y-axis in
Y,
the ratio —ﬁ.
X2
9. If (x,, ), (X,, ¥,) and (x,,y,) be respectively the vertices A, B, C of a triangle, then angle A is acute or

obtuse according as (X, — X,) (X, = X,) + (¥, = Y,) (Y, —Y,) is positive or negative.
10.  Area of the triangle formed by the lines of the formy=m x+c,y=mx+c,andy =m.x +c, is

A:l (Cz_C3)2+(C3_C1)2+(C1_C2)2 ]
2l my-m, my,-m;,  m -m,

2c?
11.  Thearea of a rohmbus with sidesax by +c=0is —.

ab

12.  Thearea of a parallelogram formed by the linesa x +b,y+c =0,ax+by+d =0,ax+hby+c,=0,and
ax+by+d,=0is

(Cl _dl)(CZ _dz)
a1b2 _aZbl .
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Ifthe lines represented by a,x* + 2h.xy + b,y* = 0 and a,x* + 2h.xy + b,y* = 0 are equally inclined to each other

then % =b, . —b,
h, h,

Centroid of the triangle obtained by joining the middle points of the sides of a triangle is the same as the
centroid of the original triangle.
If two vertices of an equilateral triangle are (x,, y,) and (X, y,) then co-ordinates of the third vertex are

(X1+X2 iﬁ(Yl‘)&) Yity, i\/g(xl_xz)

; ] . The vertices of the equilateral triangle do not have

2 2

integral coordinates.

Centroid, orthocentre, circumcentre coincides for the equilateral triangle.

Shifting of the origin does not alter the area of triangle.

The orthocentre of a triangle having vertices (o, B), (B, o) and (o, @) is (o, o).
e.g., the orthocentre of the triangle having vertices (4, 5), (5, 4) and (4, 4) is (4, 4).
The image of the line ax + by + ¢ = 0 about y-axis —ax + by + ¢ = 0.

If the circumcentre and centroid of a triangle are respectively (o, B), (y, ) then orthocentre will be
(3y - 2a, 35 - 2p).

The length of the intercept cut by the lines represented by ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 on x-axis is

2./g% —ac
la]
A line passing through (x,, y,) and parallel to ax + by + c=0isa(x=x) +b (y-y) =0.
The image of the point (o, B) about the line x = A is (2L — a, B).
Circumcentre of the triangle formed by the origin (0, 0) and the points (x,, y,) and (x,, y,) is

A, A 2x, 2 2y, —(xZ+y? —(x?+y?) 2x
GAJMMWle Vi g, o TN, 0y 2
1 Al 2Xz 2y2 ZY2 _(Xz +Y2)

Circumcentre of the triangle formed by the points (x, y,), (X, ¥,) and (X,, y,) is the same as that of the
triangle formed by the points (0, 0); (X, =X, ¥, = ¥). (X, = X, Y, = Y,)-

Orthocentre of the triangle formed by going the points (0, 0), (x,, y,), (X,, ¥,) is given by
X1X2 + y1y2
XY= X5,
by (X, ¥,): (X, ¥,), (X, ¥p)s first shift the origin to (x,, y,) and then use the above tip.

Orthocentre of the triangle formed by the points (al](ﬁl)(yl) is(—L ,— aBy) )
o B Y afy

The pair of lines (a2 — 3b?)x* + 8abxy + (b* — 3a?)y? = 0 form an equilateral triangle with the lines
ax+hby+c=0.

—(X3+Y3) 2x,

[a (y,-Y,), —a(x,—x)] where = . In order to find the orthocentre of the triangle formed

The product perpendicular drawn from any point (a, B) on the lines ax®> + 2hxy + by? = 0 is
ao? + 2hof + bp?
J(@—hb)? +4h?

Reflection of the point (a,, B) about the line y = x is (B, o).
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