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SEQUENCE AND SERIES

Syllabus :

Arithmetic and Geometric progression, insertion of
arithmetic, geometric means between two given
numbers, Relation between A.M. and G.M. Sum

upto n terms of special series : S;.,S..S .
Arithmetico - Geometric progression.
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CONCEPTS

C1

Arithmetic Sequence or Arithmetic Progression

An Arithmetic sequence is a sequence in which the difference between any term and its just preceding term
is constant throughout. This constant is called the common difference.

nthtermof AP.: T =a+(n-1)d

n
Sum of n terms of an A.P. : S, = E[Za +(n-1)d]

n n

If lis last term (or nth term), then S _n a+a+(n-1)d|=S :ﬂ[a+l]
2 — 2

Properties of an A.P. :

1 Ifa,a, a,. .cooenn arein A.P.
Thena, £k, a, 2K, a,£K, coooorniiin, arein A.P.

2. Ifa,a,a, i, areinA.P.
Thenka,, ka,, Ka,......oooovnrnnnn. arein A.P.
&%,a?z,a—ks .................. arein A.P.

3. Ifa,a, a, .o, areinAP.&b, b, b,arein A.P.
Thena +b,a,+tb,a,+b,.....cccenn arein A.P.

4, Ifa,a, a, i arein A.P.&b,, b, b arein A.P.
Thenab,ab, ab, ... arenotin A.P.

5. Ifa,a, a,. e, anareinA.P.

Then sum of the terms equidistant from the beginning and end is constant

ie a+a,_, y

6. If n' term of any sequence is a linear expression in n, then sequence is an A.P.

=a, +a_ (firstterm + last term)

If n™" term of form An + B, then common difference of A.P. is A.
7. If sum of n terms of any sequence is quadratic in n, then sequence is A.P.

If the sum of n term.is in the form An? + Bn + C, then common difference of A.P. is 2A.
Selection of Terms in an A.P.

No. of  Choosen terms Common No. of Choosen Common
terms is Differences terms is terms Difference
odd even
3 a—-d,a,a+d d 4 a-3d,a-d, 2d
a+d,a+3d
5. a-2d,a-d,a,a+d d 6 a—-5d,a-3d, 2d
a+2d a—d,a+d,
a+3d,a+5d
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Practice Problems :

a
The least value of ‘a’ for which 5***x + 51-* — = 25%+ 25~ are three consecutive terms of an A.P. is

2

€)] 5 (b) 10 (©) 12 (d)  none of these

2. The first, second and middle terms of an A.P. are a, b, ¢ respectively. Their sum is
2(c—-a) 2c(c—a) 2c(b—a) 2b(c-a)
(@) T (b) . ¢ © . (d) h_oa
b—a b-a c—a b-a

3. The sum of first p terms of an A.P. is q and the sum of the first g terms is p. The sum of the first

(p+q) terms is

(@) p+q (b) 0 © -(pt0) (d) -2(p+aq)
4. If the sum of first p terms, first q terms and first r terms of an A.P. be a, b and c respectively, then

a b c _

—(@-r)+—=(r—p)+—(p—q) isequal to

p q r

8abc
(@) 0 (b) 2 © par (d) —
par

[Answers : (1) ¢ (2) b (3) c (4) a]
C2  Geometric Sequence or Geometric Progression :

A Geometric progression (G.P.) is a sequence in which the ratio of anyterm and its just preceding term is

constant throughout.

This constant is called the common ratio.

Example : (i) 8,1,81%872,......

(D) 2,4,8,16,.......
nt" Term of G.P.
Ifais first term and r is the common ratio of geometric progression then n* term
t=ar!
_ a(r" =1
Sum of Firstn Terms : § = ?, r-1
e a
If r < 1then S_ (sum.of infinite terms) = 1—(| ri<l
i §

Properties of a G.P. :

1. 1Ta,a,a, i, arein GP.
. a‘1 a2 a .

Then a K, ak, aK,..c.cccorvrnnnnn. areinGP. & ? ) ?,? .................. arein GP.

2. 1Ta, 8,8, i, arein GP.
1 1 1

Then a, ' a, ' g arein GP.

3. 1fa,a, a,. i &b, b, b, arein G.P.
a, a, a
Thenab,ab, ab.,....... areinGP, & b_ ) b_ ) b_ .................. arein GP.
1 2 3
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4, Ifa,a, a, i, &b, b, by are in G.P having different common ratio
thena, tb,a,+b,a,tb,............. are not in G.P.
5. Ifa,a, a, s arein G.P.
Thenlog a,, log a,, log a,........... arein A.P. & Viceversa
6. Ifa,a, a, . a arein GP.
Thenaa =aa, ,=a,.8, ,= e
7. Ifa,a, ag i arein G.P.
Thena’=a@a,:a,>=2a,a,;8°=aa; . .ccocrrrns
Selection of terms in an G.P.
No. of  Choosen terms Common No. of Choosen Common
terms is ratio terms is terms ratio
odd even
3 —,a,ar r 4 %,g,ar,ar3 P
r-r
a a ) a a a ) s
5 —,—,a,ar,ar r 6 — 3 e, arar p
r-r r-r r
Practice Problems :
1 Ifa, b, care in GP. and log a, log,c, log b are in A.P., then the common difference on the A.P. is
(@) 3 (b) 3/2 (c) 1/2 (d) 2/3
11 1
2. The value of (0.16) Iogzs(??%?hwwl is
€)] 2 (b) 3 (©) 4 (d)  none of these
3. If X, y, zare in GPand ax = b¥ = ¢ then
€)] log,a = log,c (b) log.b = log,c (©) log,a = log b (d)  none of these
4, Ifa, b,c,d earein GPand a*=bY=c?=d%=e", then x, Yy, z, u, vare in
€)] AP (b) GP (©) HP (d)  none of these
[Answers: (1) b (2) c (3) c (4) c]
C3  Arithmetic - Geometric Series :

A series is said to be an arithmetico-geometric series if its each term is formed by multiplying the
corresponding term of an A.P. and a G.P.

e.g. 2X + A2+ BX3+ 8X* .
Here 2,4,6,8,....cccccuvvnnnnn. arein A.P.and X, X2, X3, X*..ceeeeennnns arein GP.
n™ Term of an Arithmetico-Geometric Series :

n™" term of arithmetico-geometric series can be obtained by multiplying the nt" term of a A.P & nth term of
aGP

e.g. The n'" terms of the series 2x + 4x2 + 6x° + 8x* + .... is
{2+ (n-1)2}x.x")=2n.x"
Sum of n terms of an arithmetico- geometric series :

LetS =a+(@+dyr+@+2d)r’+.............. +[a+ (n-21)d]r-? ()
Multiplying both sides of (i) by common ratio of (G.P.) r and write as follows
rS,=ar+(@+d)rr+............... [a+ (n-21)d]rm (1))
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From (i) — (ii)
SI-r=a+[dr+dr*+....... +dr-f-[a+ (n-1)d]r

dr@—r"*

= S,(L-r)=a+ )—[a+(n ~Dd]r"

a dr@-r"") [a+(n-1)d]r"
1-r  (1-r)? 1-r)

= Sn:

- a dr
Sum of Infinite Terms: S =——+

Tol-r (1-r)?

Practice Problems :

1. Thesumifi-2-3i+4.. upto 100 terms, where i = V-11is
(@) 50(1-1i) (b) 25i (c) 25(1+1) (d) 100 (1 -1)
[Answers : (1) a]

C4  Harmonic Progression :

A sequence is said to be Harmonic Progression (H.P.) if the reciprocals of its terms are in Arithmetic
Progression (A.P.)

1 1
Ifa,a, a,.... anareinH.P.then —,—,—,.....,— arein AP
al a2 a3 an
1. nth term of this H.P. from start
Tn = 1 = a1a2
i.,.(n _1)(1_ 1] az+(n _1)(3-1_3-2)
al a2 al
2. nth term of this H.P. from end
T, = - - 38,8,
i_(n_l) i_i alaZ_an(n_l)(al_aZ)
an a‘2 al
; 1 N 1
' nth termof H.P.fromstart nth term of H.P.from last
. 1 1 1 1 1 1
ie., —t—=—+—=— +
T, T, a a, firstterm lastterm

Practice Problems :

2
€)] A.P. (b) GP. (©) H.P. (d)  none of these

. X X X .
Ifb-c,2b-xandb-aareinH.P, then a—(E), b—(—)and C_(E] arein:
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2. If

(@)

b+c
"1-hbc b
AP, (b) GP.

a+b
1-ab

b

[Answers : (1) b (2) c]

areinA.P., thena, —,carein

(©) H.P.

(d)
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none of these

CbHA Arithmetic Mean, Geometric Mean and Harmonic Mean
Arithmatic Mean Geometric Mean Harmonic Mean
Definition |Ifthreetermsin A.P. then the middleterm | Ifthree termsare in GP. then middle | If three termsare in H.P. then
is called the Arithmetic mean (A.M.) | termis called the Geometric mean | middle termis called the Har-
between the other two. e.g. Ifa, b, carein | (G.M.) between the other two. e.g. | monic mean (H.M.) between
A.P. then b is arithmetic mean ofaand ¢ | If a, b, ¢ are in G.P.,, then b is | theothertwo.e.g. Ifa, b, care
geometric mean ofa and c in H.P., then b is harmonic
mean of aand ¢
. — 1
Single mean a,+a,+..ta G=(a,8,8.....a)" 1. 131
of n positive| A = - (G = Geometric mean) Ho ;Za—
numbers o _ =
a,a,..a (A = Arithmetic mean) (H = Harmonic mean)
- T .

Special Case : If a and b are two given numbers then

A_ath G = (ab)*? b 2ab
2 a+b
C5B Properties of AM., GM. and H.M. :
1 If A, G and H be arithmetic and geometric means of two numbers a and b.

Then, G2=AH
The equation having a and b as its root is written in the form x> - 2Ax + G2 = 0.

Application to the questions of Inequalities : In general AAM. > G.M. > H.M.

Practice Problems :

1. The harmonic mean of twonumbers is 4, their A.M. A, and G.M. G satisfy the relation 2A + G2 = 27.
The two numbers are

(@) 6,3 (b) 54 (c) 5,-2.5 (d) 3,1
A +A,
2. IfA, A, betwoAM.’sand G,, G, be two G.M.’s between a and b, then W is equal to
1~2
a+b ] 2ab a+b . a+b
@) 2ab (b) a+b © ab (@) Jab

[Answers : (1) a (2) c]
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C6  Miscellaneous approach of summation :

1. Y Method:

Working Rule for Summation of Series :
° Find the nt" term of the series.
o Simplify the n terms.

n
° Now evaluate S_ = Ztn , with the help of z n,z nz,z nd.
n=1

n”ln _ n(n2+1) | (gnzj _n(n +1)6(2n +1) . nzn;ns _ (n(n;l))

2. Method of differences :

If the difference of the successive terms of a sequence is in A.P. or G.P., we find the n'" term of this sequence
by method of difference, which is given as follows

S,=h+t+t+ . +t (1)
S, = tHt+ +t o+t ..(2)
From (1) - (2); 0=t + (t,-t) + (t,-t)+ ...+ (t -t )-t
= b=t +(t,—t)+(t,—t)+..+(t -t _)

So, S, zzn:tn
n=1

Practice Problems :

1 The cubes of the natural numbers are grouped as 13, (23, 3%), (4%, 5% 69°),... then the sum of the
numbers in the nth group is

(@) %ns(n2+1)(n2+3) (b) %ns(n2+16)(n2+12)
n3
© E(nz +2)(n* +4) (d) none of the above
f ies — + > + ! +oi
2. The sum of n terms of the series P 2102 pPypriz S
6n o 9n 12n g 3n
@ n+1 ®) n+1 ) n+1 @ n+1

[Answers : (1) a (2) a]
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